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a b s t r a c t
In this work we present a modified projection method based on Legendre polynomials, for
solving integro-differential equations with Cauchy kernel, in L2([−1, 1],C). The proposed
numerical procedure leads to solve a system of linear equations. We prove the existence
of a solution for the approximate equation, and we perform the error analysis. Numerical
examples illustrate the theoretical results.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and mathematical background
The theory of integro-differential equations with Cauchy kernel has important applications in the mathematical
modelling for many scientific fields such as fluid dynamics, electrodynamics, and elasticity. In [1], the authors have studied
some finite rank approximations using bounded finite rank projections. Projection approximationmethods play an essential
role in approximation theory, and have many interesting applications, particularly in solving integral equations. In [1], the
authors have studied some finite rank approximations using bounded finite rank projections. In [2], the authors have used a
projection approximation for solvingweakly singular Fredholm integral equations of the second kind. In [3], we have studied
projection approximations for solving Cauchy integro-differential equations using airfoil polynomials of the first kind. In [4],
we have applied the successive approximation method, for solving Cauchy singular integral equations of the first kind in
the general case.
LetH := L2([−1, 1],C) be the space of complex-valued Lebesgue square integrable (classes of) functions on [−1, 1]. The
purpose of this work is to introduce a projectionmethod based on the Legendre polynomials, for solving integro-differential
equations with Cauchy kernel inH :
ϕ′(s)+
 1
−1
ϕ(τ)
τ − sdt = f (s), −1 ≤ s ≤ 1, (1)
ϕ(−1) = 0,
where the integral is understood to be the Cauchy principal value: 1
−1
ϕ(τ)
τ − sdτ = limϵ→0
 s−ϵ
−1
ϕ(τ)
τ − sdτ +
 1
s+ϵ
ϕ(τ)
τ − sdτ

.
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Eq. (1) can be rewritten in operator form as follows:
Aϕ + Tϕ = f ,
where
Aϕ(s) := ϕ′(s), −1 ≤ s ≤ 1,
with domain
D := x ∈ H : x′ ∈ H, x(−1) = 0 ,
and
Tϕ(s) :=
 1
−1
ϕ(τ)
τ − sdτ , −1 ≤ s ≤ 1.
It is well known that the operator T fromH into itself is bounded, that
(A−1y)(s) =
 s
−1
y(t)dt,
and that A−1 : H → D is compact.
Let (Ln)n≥0 denote the sequence of Legendre polynomials and
ej :=

2j+ 1
2
Lj,
the corresponding normalized sequence. Let (πn)n≥0 be the sequence of bounded finite rank orthogonal projections defined
by
πnx :=
n−1
j=0

x, ej

ej.
Hence, for ψ ∈ H ,
lim
n→∞ ∥πnψ − ψ∥ = 0.
Let Hn denote the space spanned by the first n of the Legendre polynomials. It is clear that A−1(Hn) = Hn+1. The
approximate problem is the following equation for ϕn:
ϕn + A−1πnTϕn = A−1πnf .
Clearly ϕn ∈ D ∩Hn+1. We introduce the following notation:
K := A−1T , Kn := A−1πnT , g := A−1f , gn := A−1πnf ,
and we assume that−1 is not an eigenvalue of K . Hence the equation
(I + K) ϕ = g,
is approximated by
(I + Kn) ϕn = gn. (2)
For all x ∈ H ,
lim
n→∞ ∥Knx− Kx∥ = 0,
and since A−1 is compact,
lim
n→∞ ∥(Kn − K) K∥ = 0, limn→∞ ∥(Kn − K) Kn∥ = 0.
Writing
ϕn =
n
j=0
xn,jej,
the n+ 1 unknowns xn(j) solve
n
j=0
xn(j)

e′j + πnTej
 = πnf ,
n
j=0
xn(j)ej(−1) = 0.
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This leads to a linear system
Anxn = bn,
where, for i ∈ [[0, n− 1]] and j ∈ [[0, n]],
An(i, j) :=

2i+ 1
2

2j+ 1
2
 1
−1
L′j(s)Li(s)ds+
 1
−1
 1
−1
Lj(τ )
τ − sdτ

Li(s)ds

,
An(n, j) := ej(−1),
bn(i) :=

2i+ 1
2
 1
−1
f (s)Li(s)ds,
bn(n) := 0.
Since K is compact, the theory developed in [1] shows that for n large enough, the operator I+Kn is invertible, and its inverse
is uniformly bounded with respect to n.
Let s > 0 and Hs (−1, 1) be the classical Sobolev space, and let ∥ · ∥s denote its norm. (For details, see [5].) Remark that
(I + A−1T )(Hs([−1, 1],C)) = Hs([−1, 1],C).
We recall that (cf. [5]) there exists c > 0 such that, for all ψ ∈ Hs([−1, 1],C),
∥(I − πn)ψ∥ ≤ cn−s∥ψ∥s. (3)
Theorem 1. Assume that f ∈ Hs([−1, 1],C) for some s > 0. Then, there exists α > 0 such that
∥ϕn − ϕ∥ ≤ α[n1−s∥Tϕ∥s−1 + n−s∥f ∥s].
Proof. We have
ϕn − ϕ =

(I + Kn)−1 gn − (I + K)−1 g
+ (I + Kn)−1 g − (I + Kn)−1 g
= (I + Kn)−1 [(K − Kn) ϕ + gn − g] ,
and hence
∥ϕn − ϕ∥ ≤ C
∥ (K − Kn) ϕ∥ + ∥A−1∥ ∥ (I − πn) f ∥ .
On the other hand,
(K − Kn) ϕ = A−1 (I − πn) Tϕ.
But f ∈ Hs([−1, 1],C), so ϕ ∈ Hs([−1, 1],C) and Tϕ ∈ Hs−1([−1, 1],C). Using (3), the desired result follows. 
2. Numerical examples
In this section, we develop two numerical examples to illustrate the theoretical results presented in the previous section.
Example 1. We consider the integro-differential Eq. (1) with
f (x) = −πx
3 + (π − 2)x2 − (4+ π)x+ π + 2
2(x2 + 1)2 +
(x3 + x2 + x+ 1)
(x2 + 1)2 ln

1− x
1+ x

.
The exact solution is
ϕ(x) = x+ 1
x2 + 1 .
Table 1 shows the rate of convergence of the method. The results confirm the convergence properties proved above.
Example 2. In this example we consider the integro-differential Eq. (1) with
f (x) =
√
3πx3 + (√3π − 3)x2 + 3(6+√3π)x+ 3(3+√3π)
3(x2 + 3)2 +
(x4 + x3 + 3x2 + 3x)
(x2 + 3)2 ln

1− x
1+ x

.
The exact solution is
ϕ(x) = x
2 + x
x2 + 3 .
Table 2 shows the rate of convergence of the method.
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Table 1
Example 1.
n ∥ϕ − ϕn∥
4 2.40e−2
5 9.88e−3
6 4.08e−3
7 1.68e−3
8 6.99e−4
9 2.89e−4
10 1.20e−4
11 4.96e−5
12 2.05e−5
Table 2
Example 2.
n ∥ϕ − ϕn∥
2 2.51e−2
3 1.23e−2
4 1.91e−3
5 8.27e−4
6 1.37e−4
7 5.88e−5
8 1.00e−5
9 4.24e−6
3. Conclusions
A significant number of papers have been dedicated to the numerical solution of integral equations using Galerkin and
other projection methods. In [2], the authors have used a projection approximation for solving weakly singular Fredholm
integral equations of the second kind. This work extends the application of projection methods to Cauchy singular integro-
differential equations. The modified projection approximations based on Legendre polynomials, built upon an orthogonal
finite rank sequence of projections. We have shown the convergence of the approximate solution to the exact solution in
the Sobolev spaces. Numerical experiments show the pertinence of our method. The method can be developed and applied
to other classes of integral and integro-differential equations.
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